In this paper, we present the best possible parameters p, q ∈ R such that the double (a, b) holds for all a, b > 0 with a = b, and we get sharp bounds for the complete elliptic integral
Introduction
respectively, the complete elliptic integrals of the first and second kind. Then
and K(r) and E(r) satisfy the derivatives formulas (see [] , Appendix E, p. -)
Numerical computations show that
Recently, the power mean M r (a, b) and Toader mean T(a, b) have been the subject of intensive research. In particular, many remarkable inequalities for both means can be found in the literature [-].
Vuorinen [] conjectured that the inequality
holds for all a, b >  with a = b. 
Neuman [] , and Kazi and Neuman [] proved that the inequalities 
are, respectively, the contraharmonic and centroidal means of a and b.
In [-], the authors proved that the double inequalities
The main purpose of this paper is to present the best possible parameters p, q ∈ R such that the double inequality
holds for all a, b >  with a = b.
Lemmas
In order to prove our main results, we need several lemmas which we present in this section.
where q → C(q) is a continuous function which satisfies C(q) =  for all q ≤ / and C(q) <  for all q > /.
Lemma . The double inequality
and the first inequality of (.) is equivalent to 
Therefore, inequality (.) follows from (.) and
Lemma . The inequality
Then simple computations lead to
where
for t ∈ (, /). From (.)-(.) we clearly see that f  (t) is strictly decreasing on (, /). Then (.) and (.) lead to the conclusion that there exists t  ∈ (, /) such that f (t) is strictly increasing on (, t  ] and strictly decreasing on [t  , /).
Therefore, Lemma . follows easily from (.) and (.) together with the piecewise monotonicity of f (t).
Lemma . The inequality
 + t   √  + t  / >  + t  
holds for all t ∈ (, /).
Proof It suffices to prove that the inequalities  + t 
Lemma . Let
λ =  log /[ log π -log  - log E( √ /)] = . . . . and g(t) =  π √  + t  E t √  + t  - ( + t) λ + ( -t) λ  /λ .
Then g(t) >  for all t ∈ (, /).
Proof It follows from t/ √  + t  ∈ (, /), λ < /, Lemma ., Lemma . and the monotonicity of M r ( + t,  -t) with respect to r ∈ R that
for t ∈ (, /). From (.) and (.) we know that there exists t  ∈ (, /) such that g  (t) is strictly increasing on (, t  ] and strictly decreasing on [t  , /). Then (.) leads to the conclusion that there exists t  ∈ (, /) such that g  (t) is strictly increasing on (, t  ] and strictly decreasing on [t  , /).
Therefore, Lemma . follows from (.)-(.) and the piecewise monotonicity of g  (t).
)[E(t) -K(t)] is strictly decreasing on (, ).
Proof From Lemma . we clearly see that the inequality
holds for all x, y ∈ (, ) with x = y.
It follows from the monotonicity of the function E(t) and the power mean M p (x, y) with respect to p ∈ R together with λ >  that
for all x, y ∈ (, ) with x = y. Inequalities (.) and (.) lead to
for all x, y ∈ (, ) with x = y, which implies that the function E λ (t) is strictly concave on (, ). Note that
Therefore, Lemma . follows easily from (.) and the concavity of E λ (t) on (, ).
Proof Simple computations lead to 
holds for all t ∈ (, ). 
Main results
We divide the proof into three cases.
Case  r ≥ /. Then it follows from (.) and (.) together with the monotonicity of M r (a, b) with respect to r that
for all a, b >  with a = b follows from Lemmas . and . together with (.).
Case  r ≤ λ. Then equations (.) and (.) together with the monotonicity of M r (a, b) with respect to r lead to
We divide the proof into two subcases. 
